We study the correspondence between modulational instability and types of fundamental nonlinear excitation in a nonlinear fiber with both third-order and fourth-order effects. Some stable soliton excitations are obtained in modulational instability regime, which have not been found in nonlinear fibers with second-order effects and third-order effects. Explicit analysis suggests that the stable soliton existence is related with the modulation stability circle in the modulation instability regime, and they just exist in the modulational instability regime outside of the modulational stability circle. It should be emphasized that the stable soliton just exist with two special profiles on a continuous wave background with certain frequency. The evolution stability of the solitons is tested numerically, which indicate they are robust against perturbations even in modulation instability regime. The further analysis indicates that the solitons in modulational instability regime are caused by the fourth-order effects.
I. INTRODUCTION
Modulation instability (MI) is a fundamental process associated with the growth of perturbations on a continuous-wave(CW) background [1] . It can be used to understand the dynamics of Akhmediev breather (AB) [2, 3] , Peregrine rogue wave (RW) [4, 5] , and KuznetsovMa breather (K-M) [6, 7] and even high-order RWs [8] [9] [10] [11] [12] [13] . Different MI gain distribution could bring different nonlinear excitation pattern dynamics [14] . We presented rational W-shaped soliton in modulational stability (MS) regime [15] , and an autonomous transition dynamics from MI to MS regime on critical boundary lines between MI and MS regimes [16] . Recently few authors suggested that baseband MI or MI with resonant perturbations could induce RW excitation, as a universal property of different nonlinear models [17] [18] [19] [20] . Furthermore, quantitative correspondence relations between nonlinear excitations and MI were clarified based on dominant perturbation frequency for the simplest nonlinear Schrödinger equation (NLSE) [20] . The correspondence between MI and nonlinear excitations will be very meaningful for controllable excitation [21] . Therefore, it is meaningful and essential to obtain correspondence relation between MI and nonlinear excitations for other physical cases [22] .
High-order effects are usually taken to describe the nonlinear dynamics more precisely for many different physical systems. For example, the nonlinear susceptibility will produce high-order nonlinear effects like the Kerr dispersion (i.e., self-steepening) and the delayed nonlinear response, and even the third-order dispersion, for ul-trashort pulses whose duration is shorter than 100fs in a nonlinear fiber. Recently, we obtained correspondence relations between MI and nonlinear excitations for SasaSatsuma (S-S) [16] and Hirota model [23] which are the NLSE with some third-order effects. Those results indicate that the third-order effects brings great variation on MI property, which would induce some new nonlinear excitations. We extend the previous studies to consider the NLSE with both third-order and fourth-order effects (see Eq. (1)), and perform linear stability analysis on a continuous wave background. We find an MS circle in the MI regime (see Fig. 1 ). This is topologically different from the finite width MS band for S-S model [16] and the MS line for Hirota equation [23] . We have obtained many different nonlinear dynamics in the NLSE with high-order effects. For example, rational W-shaped soliton [14] and multi-peak soliton [23] have been reported. It is naturally expected that there should be much more abundant nonlinear excitation dynamics in this case.
In this paper, we study on the correspondence relation between MI and fundamental excitations in the NLSE with both third-order and fourth-order effects. These fundamental excitation mainly including Akhmediev breather (AB), rogue wave (RW), Kuznetsov-Ma breather (K-M), periodic wave (PW), W-shaped soliton train (WST), rational W-shaped soliton (WS r ), antidark soliton (AD) and non-rational W-shaped soliton (WS nr ), can be described by an exact solution in a generic form. Especially, stable AD and WS nr soliton excitations can exist in MI regime outside of the MS circle, in sharp contrast to the correspondence relation for the simplest NLSE [20] , Hirota equation [23] , and S-S equation [16] . When the soliton perturbation energy on CW background tend to zero, the stable perturbation agrees well with the stability property predicted by linear stability analysis. But linear stability analysis fails to explain the stability of soliton with larger perturbation arXiv:1611.00579v1 [nlin.PS] 2 Nov 2016 energy on the CW background, since the linear stability analysis does not hold anymore for the large amplitude perturbations on CW background. It should be emphasized that the stable soliton just exist with a special profile on a certain frequency continuous wave background, and the stable soliton existence in MI regime is caused by the fourth-order effects. We further test the evolution stability of the stable solitons numerically, which indicate they are robust against perturbation even in MI regime.
Our presentation of the above features will be structured as follows. In Sec. II, the linear analysis on a CW background is performed and a generic exact solution is given for types of fundamental nonlinear excitations. The correspondence between MI and these fundamental nonlinear excitations is presented. Especially, stable antidark soliton and non-rational W-shaped soliton can exist in MI regime, which is absent for NLSE, S-S, and Hirota model. In Sec. III, we discuss the anti-dark soliton and non-rational W-shaped soliton in MI regime and test the stability of them numerically. It is found that the stable soliton just exist with a special profile on a certain frequency plane wave background, and the stable soliton existence in MI regime is caused by the fourth-order effects. Finally, we summarize the results and present our discussions in Sec. IV.
II. THE CORRESPONDENCE BETWEEN MODULATIONAL INSTABILITY AND SEVERAL FUNDAMENTAL NONLINEAR EXCITATIONS
Many efforts have been paid to study nonlinear excitations in nonlinear fiber with high-order effects, such as S-S equation [15, 16, [24] [25] [26] [27] , and Hirota equation [28] [29] [30] . The S-S and Hirota equations are the NLSE with thirdorder effects. Some recent experiments suggested that fourth-order effects could play important role on soliton dynamics in nonlinear fiber [31] . We would like to further consider a NLSE with both third-order and forth-order effects as follows [32] [33] [34] [35] [36] 
where the third-order H[ψ(t, z)] = ψ ttt + 6|ψ| 2 ψ t is the Hirota operator (beginning with third-order dispersion), and the fourth-order
tt is the Lakshmanan-PorsezianDaniel (LPD) operator (beginning with fourth-order dispersion). Here, z is the propagation variable and t is the transverse variable (time in a moving frame), with the function |ψ(t, z)| being the envelope of the waves.
Since MI properties can be used to understand different excitation patterns in nonlinear systems [15, 16, 20, 23] , we perform the standard linear stability analysis on a generic continuous wave (CW)
represent the amplitude and frequency and wave number of background electric field, respectively). A perturbed nonlinear background can be written as
iθ , where p(t, z) is a small perturbation which is given by collecting the Fourier modes as
, where f + , f − are much less than the background amplitude A, Ω represents perturbed frequency. Then, one can obtain the modulation instability (MI) gain 
the MI gain G = 0, where α =
When α > 0, the MS regime Eq. (2) describes an ellipse whose center is localized in point (− β 4γ , 0). Its semi-major axis is equal to √ 6α and parallel to the Ω coordinate and semi-minor axis is equal to √ α in ω coordinate. When semi-major axis less than 2A and greater than 0, all parts of the ellipse are located in the MI regime [See Fig. 1] . Namely, the MI band (|Ω| ≤ 2A) contain special MS regime which satisfy Eq. (2), which brings MS circle in the MI regime. Nonzero MI gain value exist on both outside and inside areas of the circle [see Fig. 1 ]. It should be noted that the MI gain form fails to predict the stability of perturbations on the resonant line (Ω = 0) [20] . For Ω = 0 mode perturbation denoted by p (where 1 is a real constant), we can derive the secular solution asp = 1 + 24iA This is topologically different from the MI distribution for the simplest NLSE, Hirota, and S-S equations [16, 20, 23] . We expect that there could be some exotic dynamical excitations for this new MI distribution pattern. Moreover, the MS circle size can be changed by varying the fourth-order effect strength. When semimajor axis greater than 2A, only a part of the ellipse is located in the MI band (|Ω| ≤ 2A). In this case, MS regime which is located in the MI band are two curves. Moreover, when α = 0, the MS circle reduce to be a MS point (− β 4γ , 0) which is located on the resonance line in MI band. Furthermore, for α < 0, there is no MS regime in the MI band. To show the correspondence between MI and nonlinear excitations conveniently and clearly, we choose Fig. 1 to study on the relation. Similar discussion can be made for other cases, and we have proved that the nonlinear excitations are the most abundant for the case in Fig. 1 .
To obtain the correspondence relation between fundamental nonlinear waves and MI distribution, we turn our attention to the exact solutions on the continuous wave (CW) (8)]. Here the hyperbolic function and trigonometric function describe the localization and the periodicity of the nonlinear waves, respectively. Hence this nonlinear wave described by the solution (7) can be seen as a nonlinear superposition of a soliton and a periodic wave. We find that the solution (7) contain eight types fundamental nonlinear excitations, such as Kuznetsov-Ma breather (K-M), non-rational Wshaped soliton (WS nr ), anti-dark soliton (AD), Akhmediev breather (AB), periodic wave (PW), W-shaped soliton train (WST), rogue wave (RW), and rational Wshaped soliton train (WS r ). The existence conditions and explicit expressions of these fundamental nonlinear excitations are given in Table I .
Existence condition
Nonlinear waves type Analytic expression 
, χa = Ω(t + vaz), χs = δ(t + vsz), χp = Ω(t + vpz), v k , va, vr, vs, vw, and vp correspond to the v1 in Appendix in corresponding conditions, Λ = Based on Fourier analysis of the exact solutions of RW, AB, K-M, WS r , WS nr , WST, AD, and PW, we locate these different fundamental nonlinear excitations on the MI plane through defining and calculating the dominant frequency and propagation constant of each nonlinear wave [20] , shown in Fig. 2(a) and (b) . We can see that the RW and K-M still comes from the resonance perturbation in MI regimes and the AB still in the regime between the resonance line and the boundary line between the MI and MS regime. These are similar to the RW, AB and KM for the NLSE system. However, there are MS lines in MI band for forth-order NLSE system and the PW, WST and WS r are excited in this regime [see Fig. 2(a) ]. We have shown that the MS regime structures in MI regime depend on the parameter α [see Eq. (2)]. Therefore, stable nonlinear waves types are different as difference of parameter α. When the semi-major axis √ 6α of ellipse (2) less than √ 3A (i.e. α < 2 ), the PW would not exist. Moreover, when α = 0, the PW and WST do not exist. Furthermore, for α < 0, the stable nonlinear waves (PW, WST, and WS r ) on MS regime in MI band do not exist. These results are consistent with previous investigations. The MI regime corresponds to the instability nonlinear waves (i.e., breathers and RW) and MS regime localized in MI band corresponds to the excitations of the stable nonlinear waves (i.e., solitons and periodic wave). However, we find AD and WS nr exist in the MI regime [see Fig. 2(b) ], which seems violate with the prediction given by linear stability analysis. Particularly, they just exist in the MI regime outside of the MS circle, but they can not exist in the MI regime inside of the MS circle. We discuss them in detail in the next section.
III. ANTI-DARK SOLITON AND W-SHAPED SOLITON IN THE MI REGIME
The evolutions of AD and WS nr are shown in Fig.  3 , which indeed evolve stably with invariable profiles. To confirm that these two types soliton can propagate stably, as an example, we numerically test the stability of AD against noises (the initial condition ψ p = ψ AD [1 + 0.01Random(t)]). The result is shown in Fig.   FIG. 3: (color online) Optical amplitude distributions |ψs| of (a) the non-rational W-shaped soliton and (b) anti-dark soliton on a continuous wave background. The parameters are A = 1, β = 
4(a)
, which indicate AD is robust against noises. Furthermore, we evolve AD with adding a weak Gaussian pulse perturbation ψ AD [1 + 0.1e Fig.  4(b) . We can see that the AD propagate stably, and a weak Gaussian pule evolves into a RW. After interacting with the RW, the AD restore the original shapes with a small phase shift. This confirms that the AD indeed exist in the MI regime. This is significantly different from previous results for which there is no stable localized wave in the MI regime [15, 16, 20, 23] . The above analysis shows that the AD and WS nr exist with the same parameter condition (ω +
. The structures of these two kinds of solitons are different [see Fig. 3(a) and (b) ], but the energy of the AD and WS nr against the CW background are identical, namely, ε s1 = ε s2 = 2δ. The perturbation energy ε s of pulse against the background is defined as
Because there is a one-to-one correspondence between the parameter δ and the perturbation energy ε, we can rewrite the existence condition for AD and WS nr as follows
The condition has a more clear meaning since the perturbation energy has more clear physical meaning than the parameter δ. Namely, for specific system parameter and fixed background amplitude (i.e. β, γ, A are fixed), when background frequency ω and the energy of pulse ε s satisfy the Eq.(4), a CW background admits solitons with two special profiles (AD and WS nr ) even in MI regime (outside the MS circle). This character has not been found for the NLSE and its extended form with other types of high-order effects [9, 15, 16, 24-30, 37, 38] . In order to better understand the generation mechanism of AD and WS nr , we analyze the relationship between their existence conditions and MI gain. From the above linear stability analysis, the MS condition on resonance line can be given ω = − β 4γ ± √ α. This means that there are two MS points on the resonance line [see Fig. 2(a) ]. Then we rewrite the existence conditions of AD and WS nr as follows
It is seen that the AD and WS nr exist on both sides of two MS points on resonance line [see Fig. 2 (b)](but do not exist in the regime between the two MS points) and their excitation positions depend on the pulse energy ε s . Then we plot the positions of the AD and WS nr with different energies in Fig. 5 . When the energy of the AD and WS nr approach zero (their amplitudes are small), the excitation condition will tend to MS points, which agrees well with the prediction of linear stability analysis. But their excitation positions gradually deviate from the MS points as the energy increase. Namely, the energies of the AD and WS nr are non-zero, their excitation conditions do not agree with the MS condition predicted by linear stability analysis. Therefore, the stable soliton with high perturbation energy could exist in MI regime predicted by linear stability analysis. This means that perturbation energy could inhibit the MI property. Considering that stable soliton just can exist with a specific perturbation energy on a certain CW background, we expect that there is a balance condition between perturbation energy and MI gain. Then, we would like to find out which factors bring the stable soliton in MI regime. The above analysis indicates that the MI gain G and pulse energy ε s both play an important role on the excitation of the AD and WS nr . To further analyze the impact of the MI gain G and energy ε s on excitation of the AD and WS nr , we simplify the expression of the gain G on resonance line based on the above linear stability analysis result, 
This can be seen as a balance condition between perturbation energy and MI. Obviously, the fourth-order effects related with γ here bring the existence for AD and WS nr in MI regime. This can be used to explain that the AD and WS nr in MI regime have not been found in the NLSE and its extended form with lower than fourth-order effects [9, 16, 23, [26] [27] [28] [29] [30] .
IV. CONCLUSION AND DISCUSSION
We present the correspondence relation between MI and fundamental excitations in the NLSE with both third-order and fourth-order effects. Stable AD and WS nr soliton excitations are found to exist in MI regime outside of the MS circle (but not the MI regime inside of the MS circle), in sharp contrast to the correspondence relation for the simplest NLSE [20] , Hirota equation [23] , and S-S equation [16] . We further test the evolution sta-bility of the stable soliton numerically, which indicate they are robust against perturbations even in MI regime. The solitons with high energies in MI regime are caused by the fourth-order effects.
When the perturbation energy on CW background corresponding to AD or WS nr soliton tends to zero (the amplitude is small), the stable soliton evolution agree well with the stability property predicted by linear stability analysis. However, linear stability analysis fails to explain the stability of soliton with larger perturbation energy on the CW background, since their amplitude is large, for which the linear stability analysis is not applicable. But rational WS obtained here and [15, 16] suggest that the linear stability analysis holds well for largeamplitude perturbations just with the perturbation energies tend to be zero. These characters indicate that the linear stability analysis does not hold for strong perturbations with nonzero perturbation energies. Therefore, it is still needed to develop some new ways to analyze the stability and dynamics of these type perturbations, and find out the underlying reasons for these striking characters. It is also meaningful to study excitation dynamics with other types fourth-order effects or higher-order effects to find out whether there are some new MI properties. The results here further indicate that different MI distributions would bring different excitation patterns.
